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Two-dimensional (2-D) and three-dimensional (3-D) time-harmonic Green’s functions for linear magnetoelectroelastic
solids are derived in this paper by means of Radon-transform. Displacement ﬁeld and electric and magnetic potentials in a
fully anisotropic magnetoelectroelastic inﬁnite solid due to a time-harmonic point force, point charge and magnetic mono-
pole are obtained in form of line integrals over a unit circle in 2-D case and surface integrals over a unit sphere in 3-D case.
This dynamic fundamental solution is then split into the sum of regular dynamic plus singular terms. The singular terms
coincide with the Green’s functions for the static problem and may be further reduced to closed form expressions. The
proposed Green’s functions can be used in the corresponding boundary element method (BEM) formulation.
 2007 Elsevier Ltd. All rights reserved.
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Smart structures applications are receiving increasing attention in recent years. Solids showing piezoelectric
and piezomagnetic couplings are being widely used as ultrasonic transducers, magnetic ﬁeld probes, etc. The
most recent advances involve composite materials consisting of both piezoelectric and piezomagnetic phases,
so that a magnetoelectric coupling eﬀect is obtained as well. Although such coupling is not shown by any of
the material phases alone, the magnetoelectric coupling of the resulting composite may be much larger that of
a single phase magnetoelectric material (Alshits et al., 1995; Avellaneda and Harshe, 1994; Benveniste, 1995;
Nan, 1994; Van Suchtelen, 1972).0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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boundary element methods (BEM) or boundary integral equation method (BIEM), the fundamental solutions
or Green’s functions play a key role in the formulation and the resulting accuracy of the method. Green’s
functions are also a key ingredient in other analytical and numerical techniques such as eigenstrain approaches
or dislocation methods.
Within the framework of statics, Huang and Kuo (1997), Huang et al. (1998) and Li and Dunn (1998) used
the 3-D magnetoelectroelastic Green’s functions to study the inclusion problems and the eﬀective behavior of
magnetoelectroelastic composite materials. Liu et al. (2001) derived the Green’s functions for a 2-D aniso-
tropic magnetoelectroelastic solid containing an elliptical cavity based on the extended Stroh’s formalism com-
bined with the conformal mapping technique and the Laurent series expansion. Pan (2002) obtained the 3-D
Green’s functions in anisotropic magnetoelectroelastic full space, half space, and bimaterials based on the
extended Stroh’s formalism by applying the 2-D Fourier transforms. Wang and Shen (2002) obtained the gen-
eral solution of 3-D problems in magnetoelectroelastic media in terms of ﬁve potential functions, and subse-
quently applied it to obtain the fundamental solution for a generalized dislocation and to derive Green’s
functions for a semi-inﬁnite magnetoelectroelastic solid. Ding and Jiang (2004) presented a boundary integral
formulation for 2-D problems in magnetoelectroelastic media and derived the corresponding fundamental
solution in closed form. Qin (2004) derived Green’s functions for magnetoelectroelastic medium with an arbi-
trarily oriented half-plane or bimaterial interface by means of an extended Stroh’s formalism and coordinate
transform technique. Jiang and Pan (2004) obtained the 2-D Green’s function in terms of the Stroh formalism
in an exact closed form for magnetoelectroelastic full-, half-, and bimaterial-planes with general anisotropy.
Hou et al. (2005) presented 3-D Green’s functions of inﬁnite, two-phase and semi-inﬁnite transversely isotro-
pic magnetoelectroelastic media in terms of mono-harmonic displacement functions for all cases of distinct
eigenvalues and multiple eigenvalues. Ding et al. (2005) obtained Green’s functions for two-phase transversely
isotropic magnetoelectroelastic media in the case of distinct eigenvalues, including 2-D Green’s functions of a
two-phase inﬁnite plane and half-plane as well as 3-D counterparts. Guan and He (2005) and Guan and He
(2006) derived the general solution of governing equations to 2-D and 3-D problems in a transversely isotropic
magnetoelectroelastic media in terms of potential functions. These general solutions are then applied to obtain
fundamental solutions in some cases of loading for half-plane and half-space.
However, unlike in statics, relatively little work has been done regarding dynamic Green’s functions of
magnetoelectroelastic materials. Ren and Liu (2004) presented a time-harmonic dynamic fundamental solu-
tion for transversely isotropic magnetoelectroelastic media under anti-plane deformation. Chen et al. (2006)
derived the explicit expressions for the dynamic potentials of an inclusion embedded in a ‘quasi-plane’ mag-
netoelectroelastic medium of transversely isotropic symmetry and for the dynamic Green’s functions of such
medium both in the time domain and in the frequency domain.
Although the 2-D and 3-D dynamic fundamental solutions for anisotropic elastic and piezoelectric media
have been studied in detail (see for instance Denda et al., 2004; Wang and Achenbach, 1994; Wang and Zhang,
2005), dynamic Green’s functions for 2-D and 3-D fully anisotropic magnetoelectroelastic materials are still
unavailable in the literature to the authors’ knowledge. In this paper, the Radon-transform technique presented
byWang and Achenbach (1994), Wang and Achenbach (1995) for anisotropic elastic solids is extended to derive
the dynamic Green’s functions for 2-D and 3-D anisotropic magnetoelectroelastic media subjected to time-har-
monic loading conditions. This same technique was successfully applied by Denda et al. (2004) and Wang and
Zhang (2005) to derive the fundamental solutions for dynamic piezoelectricity. As for anisotropic elastic and
piezoelectric solids, the dynamic Green’s functions are not obtained in closed form, but may be expressed as sur-
face integrals over a unit sphere in 3-D case and as line integrals over a unit circle in 2-D case. The dynamic
Green’s functions derived in this way can be further decomposed into a singular part and a regular part. The
singular part corresponds to the staticmagnetoelectroelasticGreen’s functions, whilst the regular part represents
the contribution of the inertial terms in the equations of motion. When the piezomagnetic and electromagnetic
constants vanish, our results reduce to existing solutions of the piezoelectric solids (Wang and Zhang, 2005).
The obtained time-harmonic fundamental solutions may be used in combination with the BEM to analyse
dynamic problems in linear magnetoelectroelastic solids, since they exhibit a simple mathematical structure for
an easy numerical implementation, as previous works illustrate for both the anisotropic (Sa´ez and Domı´nguez,
1999; Wang et al., 1996) and piezoelectric cases (Sa´ez et al., 2006).
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Due to the coupling of elastic, electric and magnetic behaviors, the constitutive equations for a homoge-
neous, linear and fully anisotropic magnetoelectroelastic solid are given byrij ¼ Cijklekl  elijEl  hlijHl ð1Þ
Di ¼ eiklekl þ ilEl þ bilHl ð2Þ
Bi ¼ hiklekl þ bilEl þ cilHl ð3Þwhere the summation rule over double indices is applied; rij, Di and Bi are the mechanical stresses, the electric
displacements and the magnetic inductions, respectively; Cijkl, il and cil denote elastic stiﬀness tensor, dielec-
tric permitivities and magnetic permeabilities, respectively; elij, hlij and bil are the piezoelectric, piezomagnetic
and magnetoelectric coupling coeﬃcients, respectively; and eij, Ei andHi are the mechanical strains, the electric
ﬁeld and the magnetic ﬁeld, respectivelyeij ¼ 1
2
ðui;j þ uj;iÞ ð4Þ
Ei ¼ /;i ð5Þ
Hi ¼ u;i ð6Þwhere ui are the elastic displacements, / is the electric potential and u is the magnetic potential.
The material constants tensors show the following symmetry conditionsCijkl ¼ Cjikl ¼ Cijlk ¼ Cklij; ekij ¼ ekji; hkij ¼ hkji; kl ¼ lk; bkl ¼ blk; ckl ¼ clk ð7Þ
Moreover, the elastic stiﬀnesses, dielectric permitivities and magnetic permeabilities are positive deﬁniteCijkleijekl > 0; klEkEl > 0; cklHkHl > 0 ð8Þ
for real non-zero eij, Ek and Hk (Soh and Liu, 2005).
The dynamic equilibrium equations and the Maxwell equations under the assumption of quasi-static elec-
tric and magnetic ﬁelds are given byrij;j ¼ bi þ q o
2ui
ot2
ð9Þ
Di;i ¼ fe ð10Þ
Bi;i ¼ fm ð11Þwhere q is the mass density, bi are the body forces and fe and fm are the electric charge density and the electric
current density, respectively.
The linear magnetoelectroelastic problem may be formulated in an elastic-like fashion by considering a gen-
eralized displacement vector extended with the electric potential and the magnetic potential asuI ¼
ui I ¼ 1; 2; 3
/ I ¼ 4
u I ¼ 5
8><>: ð12Þ
and a generalized stress tensor extended with the electric displacements and the magnetic inductions asriJ ¼
rij J ¼ 1; 2; 3
Di J ¼ 4
Bi J ¼ 5
8><>: ð13Þ
In this way, the generalized equations of motion given in Eqs. (9)–(11) can be rewritten in terms of the general-
ized displacements as
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o2uK
ot2
ð14Þwhere dJK is the generalized Kronecker delta deﬁned bydJK ¼
djk J ;K ¼ 1; 2; 3
0 otherwise

ð15ÞFJ is the corresponding generalized body forces vectorF J ¼
bj J ¼ 1; 2; 3
fe J ¼ 4
fm J ¼ 5
8><>: ð16Þ
and the elastic, electric and magnetic moduli have been grouped together into a generalized elasticity tensor asCiJKl ¼
Cijkl J ;K ¼ 1; 2; 3
elij J ¼ 1; 2; 3; K ¼ 4
hlij J ¼ 1; 2; 3; K ¼ 5
eikl J ¼ 4; K ¼ 1; 2; 3
il J ;K ¼ 4
bil J ¼ 4; K ¼ 5
hikl J ¼ 5; K ¼ 1; 2; 3
bil J ¼ 5; K ¼ 4
cil J ;K ¼ 5
8>>>>>>>><>>>>>>>>>:
ð17Þso that the constitutive Eqs. (1)–(3) can be rewritten together asriJ ¼ CiJKluK;l ð18Þ
where the lowercase (elastic) and uppercase (extended) subscripts take values 1, 2, 3 and 1, 2, 3 (elastic), 4
(electric), 5 (magnetic), respectively.
3. Time-harmonic Green’s functions
3.1. 3-D time-harmonic Green’s functions
The Green’s functions are deﬁned as the response of an inﬁnite homogeneous 3-D linear magnetoelectro-
elastic solid due to the application of a time-harmonic point force (in the generalized or extended sense) at the
origin in the xM-directionF J ðx; tÞ ¼ dJMdðxÞeixt ð19Þ
where x is the angular frequency of excitation and d(x) is the Dirac delta function. The resulting generalized
displacement ﬁeld is in the steady state of harmonic motionuKðx; tÞ ¼ UKMðx;xÞeixt ð20Þ
Substitution into the generalized equations of motion (14) leads toCiJKlUKM ;ilðx;xÞ þ qx2dJKUKMðx;xÞ ¼ dJMdðxÞ ð21Þ
To solve this set of Eq. (21) the Radon-transform technique (see Appendix A) will be used. This technique has
been successfully applied by Wang and Achenbach (1994) and Wang and Achenbach (1995) to derive time-
harmonic Green’s functions for linear anisotropic elastic solids, and by Denda et al. (2004) and Wang and
Zhang (2005) for linear fully anisotropic piezoelectric solids. In this way, application of Radon-transform
to (21) will reduce the 3-D equations of motion to their one-dimensional (1-D) counterparts. Once the result-
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cation of the inverse Radon-transform to yield the Green’s functions in the form of surface integrals over a
unit sphere.
By applying the Radon-transform (see Appendix A) to Eq. (21) yieldsCJKo
2
s
bUKMðs;xÞ þ qx2dJK bUKMðs;xÞ ¼ dJMdðsÞ ð22Þwhere s is the parameter of the Radon-transform, deﬁned by s = n Æ x with n being a unit normal vector, and
CJK is the generalized Christoﬀel tensor given byCJK ¼ CiJKlninl ð23Þ
The solution to Eq. (22) may be obtained as the superposition of the following three cases.
3.1.1. Generalized displacements due to the application of a mechanical point load
When a mechanical point load is applied at the origin x = 0 in the xm-direction, the elastic displacements
Ukm at a point x in the xk-direction, the electric potential U4m at x and the magnetic potential U5m at x are
obtained from the following set of equationsCjko
2
s
bU km þ Cj4o2s bU 4m þ Cj5o2s bU 5m þ qx2djk bU km ¼ djmdðsÞ ð24Þ
C4ko
2
s
bU km þ C44o2s bU 4m þ C45o2s bU 5m ¼ 0 ð25Þ
C5ko
2
s
bU km þ C54o2s bU 4m þ C55o2s bU 5m ¼ 0 ð26Þ3.1.2. Generalized displacements due to the application of a point charge
When an electrical point charge is applied at the origin x = 0, the elastic displacements at a point x in the
xk-direction (Uk4), the electric potential at x (U44) and the magnetic potential at x (U54) are obtained from the
following set of equationsCjko
2
s
bU k4 þ Cj4o2s bU 44 þ Cj5o2s bU 54 þ qx2djk bU k4 ¼ 0 ð27Þ
C4ko
2
s
bU k4 þ C44o2s bU 44 þ C45o2s bU 54 ¼ dðsÞ ð28Þ
C5ko
2
s
bU k4 þ C54o2s bU 44 þ C55o2s bU 54 ¼ 0 ð29Þ3.1.3. Generalized displacements due to the application of a magnetic monopole
When a magnetic monopole is applied at the origin x = 0, the elastic displacements at a point x in the xk-
direction (Uk5), the electric potential at x (U45) and the magnetic potential at x (U55) are obtained from the
following set of equationsCjko
2
s
bU k5 þ Cj4o2s bU 45 þ Cj5o2s bU 55 þ qx2djk bU k5 ¼ 0 ð30Þ
C4ko
2
s
bU k5 þ C44o2s bU 45 þ C45o2s bU 55 ¼ 0 ð31Þ
C5ko
2
s
bU k5 þ C54o2s bU 45 þ C55o2s bU 55 ¼ dðsÞ ð32ÞThe solution to Problem A (mechanical load) is ﬁrst considered. From Eqs. (25) and (26) bU 4m and bU 5m may be
expressed as functions of bU km yieldingo2s bU 4m ¼ C4kC55  C45C5kC45C54  C44C55 o2s bU km ¼ ak4o2s bU km ð33Þ
o2s bU 5m ¼ C44C5k  C4kC54C45C54  C44C55 o2s bU km ¼ ak5o2s bU km ð34ÞSubstitution of these relations in Eq. (24) yieldsfZjko2s þ qx2djkg bU km ¼ djmdðsÞ ð35Þ
where
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By virtue of Eqs. (7) and (8), Zjk is symmetric and positive deﬁnite, so that its eigenvalues are real-valued and
positive.
Denoting the eigenvalues for Zjk as kq ¼ qc2q with cq being the phase velocities, they are obtained as the
roots of the following characteristic equationsdetðZjk  qc2qdjkÞ ¼ 0 ð37Þ
Calling Vjq to the qth eigenvector of ZjkZjkV kq ¼ kqV jq ðno sum onqÞ ð38Þ
it holds thatV jpV jq ¼ dpq; V iqV jq ¼ dij ð39Þ
so that these eigenvectors may be taken as orthonormal bases. bU km can then be expressed in the new bases by
the following transformationbU hm ¼ V kh bU km () bU km ¼ V kh bU hm ð40Þ
Substituting this bases transformation into Eq. (24) and premultiplying the resulting equation by VjqfV jqZjkV kho2s þ qx2V jqdjkV khg bU hm ¼ djmV jqdðsÞ ð41Þ
Taking into account relations (38) and (39), Eq. (41) may be further reduced to the following 1-D wave equa-
tion (for each ﬁxed q and m)fkqo2s þ qx2g bU qm ¼ V mqdðsÞ ð42Þ
whose well-known solution is given bybU qm ¼ iV mq2qc2qkq eikqjsj ð43Þ
where kq is the wave numberkq ¼ xcq ð44ÞThe inverse bases transformation Eq. (40) leads tobU km ¼ iV kqV mq
2qc2qkq
eikqjsj ð45ÞComputation of bU km according to Eq. (45) would require solving the complete eigenvalue problem deﬁned by
(37). This can be avoided by following the alternative approach proposed by Wang and Achenbach (1995) for
anisotropic solids. In this way, the term VkqVmq in (45) may be computed asV kqV mq ¼ E
q
km
Eqpp
ð46ÞwhereEqkm ¼ adjfZkm  qc2qdkmg ð47Þ
More simpliﬁed expressions for the cases in which the three phase velocities cq are not distinct may be obtained
following Wang and Achenbach (1994). Thus, Eq. (45) can be expressed asbU km ¼ iEqkm
2qc2qkqE
q
pp
eikqjsj ð48ÞSubsequent application of the inverse Radon-transform leads to the Ukm terms of the Green’s functions
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8p2
Z
jnj¼1
o2s bU km dSðnÞ ¼ 116p2
Z
jnj¼1
Eqkm
qc2qE
q
pp
2dðn  xÞ þ ikq
 
eikqjnxj dSðnÞ ð49Þwhere the domain of integration is deﬁned by the surface of a unit sphere jnj = 1.
Similarly, substitution of Eq. (48) into (33) and (34) yields bU 4m and bU 5m, so that the subsequent application
of the inverse Radon-transform leads toU 4m ¼ 1
16p2
Z
jnj¼1
al4E
q
lm
qc2qE
q
pp
f2dðn  xÞ þ ikqgeikqjnxj dSðnÞ ð50Þ
U 5m ¼ 1
16p2
Z
jnj¼1
al5E
q
lm
qc2qE
q
pp
2dðn  xÞ þ ikq
 
eikqjnxj dSðnÞ ð51Þwhere al4 and al5 have been previously deﬁned in (33) and (34).
Following essentially the same procedure, Green’s functions for Problem B (electric load) and Problem C
(magnetic load) may be obtained. Therefore for Problem B o2s bU 44 and o2s bU 54 may be expressed as functions of
o2s bU k4 from Eqs. (28) and (29) yieldingo2s bU 44 ¼ ak4o2s bU k4 þ C55a dðsÞ ð52Þ
o2s bU 54 ¼ ak5o2s bU k4  C54a dðsÞ ð53Þwherea ¼ C45C54  C44C55 ð54Þ
so that application of the inverse Radon-transform will lead toU 44¼ 1
8p2
Z
jnj¼1
o2s bU 44dSðnÞ¼ 116p2
Z
jnj¼1
al4aj4
Eqlj
qc2qE
q
pp
2dðn xÞþ ikq
 
eikq jnxjdSðnÞ 1
8p2
Z
jnj¼1
C55
a
dðn xÞdSðnÞ
ð55Þ
U 54¼ 1
8p2
Z
jnj¼1
o2s bU 54dSðnÞ¼ 116p2
Z
jnj¼1
al5aj4
Eqlj
qc2qE
q
pp
2dðn xÞþ ikq
 
eikq jnxjdSðnÞþ 1
8p2
Z
jnj¼1
C54
a
dðn xÞdSðnÞ
ð56Þ
Similarly, solution of Problem C will lead toU 55 ¼ 1
16p2
Z
jnj¼1
al5aj5
Eqlj
qc2qE
q
pp
2dðn  xÞ þ ikq
 
eikqjnxj dSðnÞ  1
8p2
Z
jnj¼1
C44
a
dðn  xÞdSðnÞ ð57ÞEqs. (49)–(51) and (55)–(57) are the 3-D dynamic time-harmonic magnetoelectroelastic Green’s functions,
which have the following symmetry propertyUKMðx;xÞ ¼ UMKðx;xÞ ð58Þ
The expressions for the displacement Green’s functions may be recast into a compact form asUKM ¼ 1
16p2
Z
jnj¼1
eqKM
qc2qE
q
pp
f2dðn  xÞ þ ikqgeikqjnxj dSðnÞ þ 1
8p2
Z
jnj¼1
KKMdðn  xÞdSðnÞ ð59ÞwhereeqKM ¼
Eqkm K;M ¼ 1; 2; 3
aKl E
q
lm K ¼ 4; 5; M ¼ 1; 2; 3
aKl a
M
j E
q
lj K;M ¼ 4; 5
8><>: ð60Þ
and
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C44C55
CKM
ðd4Kd4M þ d5Kd5MÞ
 The obtained time-harmonic Green’s functions may be split into a singular static part plus a regular frequency
dependent part asUKMðx;xÞ ¼ USKMðxÞ þ URKMðx;xÞ ð61Þ
whereUSKMðxÞ ¼
1
8p2
Z
jnj¼1
eqKM
qc2qE
q
pp
dðn  xÞdSðnÞ þ 1
8p2
Z
jnj¼1
KKMdðn  xÞdSðnÞ ð62Þ
URKMðx;xÞ ¼
i
16p2
Z
jnj¼1
kqe
q
KM
qc2qE
q
pp
eikqjnxj dSðnÞ ð63ÞThe static Green’s functions are singular and can be reduced to explicit expressions, which are given in Appen-
dix B following the work by Pan (2002). The above decomposition is useful for BEM implementation purposes
(see, e.g., Denda et al., 2004 or Sa´ez et al., 2006).
3.2. 2-D time-harmonic Green’s functions
The 2-D time-harmonic Green’s functions may be obtained following the same procedure as for the 3-D
case. In 2-D case the lowercase (elastic) subscripts take values 1 and 2 only, whilst the uppercase (extended)
subscripts take values 1, 2 (elastic), 4 (electric) and 5 (magnetic). In this way, Green’s functions are obtained in
the form of line integrals over a unit circle jnj = 1 as (see Wang and Achenbach, 1994 or Wang and Zhang,
2005 for details)UKMðx;xÞ ¼ USKMðxÞ þ URKMðx;xÞ ð64Þ
whereUSKMðxÞ ¼ 
1
4p2
Z
jnj¼1
eqKM
qc2qE
q
pp
log jn  xjdLðnÞ  1
4p2
Z
jnj¼1
KKM log n  xj jdLðnÞ ð65Þ
URKMðx;xÞ ¼
1
16p2
Z
jnj¼1
eqKM
qc2qE
q
yy
URðkq; jn  xjÞdLðnÞ ð66Þin which eqKM is given by (60) andURðkq; jn  xjÞ ¼ Uðkqjn  xjÞ þ 2 logðjn  xjÞ ð67Þ
withUðfÞ ¼ ipeif  2½cosðfÞciðfÞ þ sinðfÞsiðfÞ ð68Þ
and ci and si are, respectively, the cosine integral and the sine integral deﬁned byciðfÞ ¼ 
Z 1
f
cos z
z
dz; siðfÞ ¼ 
Z 1
f
sin z
z
dz ð69ÞAs in 3-D, explicit expressions for the 2-D static magnetoelectroelastic Green’s functions may be obtained (see
Jiang and Pan, 2004 for details), which are given in Appendix C.
Once the 2-D and the 3-D displacement Green’s functions UKM have been obtained, the corresponding
traction Green’s functions PKM needed for a BEM implementation can be immediately derived by substitution
of UKM into the generalized Hooke’s law to yieldPMK ¼ grCrMJlUJK;l ð70Þ
where gr are the components of the external unit normal vector to the boundary at the observation point
where Green’s functions are being evaluated.
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Mater
C11 (G
226
e21 (C/
2.2
h21 (N
290.2
11 (·1
56.4
b11 (·1
5.367
c11 (·1
297UKM ¼
1
r ; r ! 0 ð3-DÞ
logðrÞ; r ! 0 ð2-DÞ

ð71Þwhile the traction Green’s functions have the following Cauchy-type strong singularitiesPKM ¼
1
r2 ; r ! 0 ð3-DÞ
1
r ; r ! 0 ð2-DÞ
(
ð72Þin which r = jxj. In the numerical implementation of BEM, special attention must be paid to the singular
behaviors of the time-harmonic Green’s functions.
It can be easily veriﬁed that the obtained 2-D and 3-D magnetoelectroelastic Green’s functions reduce to
the piezoelectric fundamental solutions given by Wang and Zhang (2005) when the piezomagnetic and elec-
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Fig. 1. 2-D U22 extended displacement in BaTiO3–CoFe2 O4 versus dimensionless frequency for points along the x2-axis.
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The obtained Green’s functions or fundamental solutions are relevant for BEM-based applications (Dom-
ı´nguez, 1993). The displacement boundary integral representation for a collocation point n in an linear mag-
netoelectroelastic domain X with boundary C subjected to time-harmonic loading follows from application of
the generalized reciprocal theorem between the state deﬁned by the fundamental solution and the state under
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Fig. 2. 2-D U24 extended displacement in BaTiO3–CoFe2 O4 versus dimensionless frequency for points along the x2-axis.
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Fig. 3. 2-D U25 extended displacement in BaTiO3–CoFe2 O4 versus dimensionless frequency for points along the x2-axis.
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Z
C
P IJ ðx; n;xÞuJ ðx;xÞdCðxÞ ¼
Z
C
UIJ ðx; n;xÞpJðx;xÞdCðxÞ ð73Þwhere x is the angular frequency of excitation; UIJ and PIJ are the fundamental solution displacements and
tractions, respectively; and cIJ(n) are the so-called free terms that result from the Cauchy principal value (CPV)
integration of the strongly singular PIJ kernels.0 5 10 15 20 25 30 35 40
-0.02
-0.015
-0.01
-0.005
0
0.005
0.01
0.015
0.02
ω.r/cs
U
44
22
Re(U44)
Im(U44)
Fig. 4. 2-D U44 extended displacement in BaTiO3–CoFe2 O4 versus dimensionless frequency for points along the x2-axis.
0 5 10 15 20 25 30 35 40
-6
-4
-2
0
2
4
6
x 10-4
ω.r/cs
U
55
.
γ 2
2
Re(U55)
Im(U55)
Fig. 5. 2-D U55 extended displacement in BaTiO3–CoFe2 O4 versus dimensionless frequency for points along the x2-axis.
0 5 10 15 20 25 30 35 40
-1
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1
x 10-5
ω.r/cs
U
45
. β 2
2
Re(U45)
Im(U45)
Fig. 6. 2-D U45 extended displacement in BaTiO3–CoFe2 O4 versus dimensionless frequency for points along the x2-axis.
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tions, since they are not given in explicit form but as line/surface integrals over a unit circumference/sphere.
Provided that the mathematical structure of the fundamental solution given in this paper is similar to that of
the solutions previously developed by other authors for both anistropic (Wang and Achenbach, 1994; Wang
and Achenbach, 1995) and piezoelectric (Denda et al., 2004; Wang and Zhang, 2005) solids using the Radon-
transform, the techniques already implemented to cast such Green’s functions into BEM codes in an eﬃcient
way may be extended in a straightforward manner for magnetoelectroelasticity (see Denda et al., 2004; Sa´ez
and Domı´nguez, 1999; Sa´ez et al., 2006; Wang et al., 1996 for details).
However, when far-ﬁeld or high-frequency applications come into play, numerical evaluation of the
obtained Green’s functions becomes costly – from a computational point of view – due to the oscillatory nat-
ure of the integrands. Therefore development of asymptotic expressions to cover such cases becomes manda-
tory in order to have a reasonable BEM code. This can be achieved for instance by extending the work
presented by Sa´ez and Domı´nguez (2000) for anisotropic materials to the magnetoelectroelastic case.
Finally, computations for the 2-D Green’s functions have been carried out to illustrate the magneto-electro-
elastic coupled behavior of a BaTiO3–CoFe2O4 composite material with a volume fraction Vf = 0.5. Material
constants are listed in Table 1 (Song and Sih, 2003). The magnetic and electric poling directions of the material
coincide with the x2 axis. The U22 component of the displacement Green’s functions are plotted in Fig. 1 ver-
sus the dimensionless frequency xr/cs, r being the distance between the origin where the point load is applied
and points located on the x2 axis where the displacement U22 is computed and cs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C66=q
p
. Similarly, the
U24, U25, U44, U55 and U45 components of the displacement Green’s functions are plotted in Figs. 2–6.
5. Conclusions
In this paper dynamic time-harmonic Green’s functions for 2-D and 3-D linear fully anisotropic magneto-
electroelastic solids have been derived via Radon-transform. The resulting Green’s functions have been
expressed as surface integrals over a unit sphere in 3-D case and line integrals over a unit circle in 2-D case.
Furthermore, the obtained fundamental solutions may be split into a singular static part plus a regular
dynamic part. The singular static part corresponds to the static magnetoelectroelastic Green’s functions
and the regular dynamic part consists of continuous functions. The singular static Green’s functions can be
156 R. Rojas-Dı´az et al. / International Journal of Solids and Structures 45 (2008) 144–158reduced to closed form expressions. The simple and bounded structure of the integral expressions for the
dynamic part of the Green’s functions make them suitable for a numerical implementation into a BEM code,
as previously illustrated for anisotropic elastic and piezoelectric solids (Denda et al., 2004; Sa´ez and Domı´n-
guez, 1999; Sa´ez et al., 2006; Wang et al., 1996). As it could be expected, the obtained Green’s functions reduce
to the existing solutions for piezoelectric solids (Wang and Zhang, 2005) when the piezomagnetic and electro-
magnetic constants vanish.
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Appendix A. Radon-transform
The Radon-transform of an arbitrary function f(x) is deﬁned byf^ ðs; nÞ ¼ Rff ðxÞg ¼
Z
s
f ðxÞdðs n  xÞdx; ðA:1Þwhere s = n Æ x is a real transform parameter and n is a unit normal vector. The Radon-transform is an inte-
gration of f(x) over n Æ x = s, i.e., over a surface for 3-D and along a line for 2-D.
The inverse Radon-transform is given byf ðxÞ ¼ Rff ðs; nÞg ¼
Z
jnj¼1
f ðn  x; nÞdn; ðA:2Þwheref ðs; nÞ ¼ Kff^ ðs; nÞg ¼
 1
8p2 o
2
s f^ ðs; nÞ; for 3-D
1
4p2
R1
1
or f^ ðr;nÞ
sr dr; for 2-D
(
ðA:3ÞThe inverse Radon-transform R* deﬁned by Eq. (A.2) is a surface integral over a unit sphere in 3-D case and a
line integral over a unit circle in 2-D case.
Appendix B. 3-D static magnetoelectroelastic Green’s functions
Following essentially the same procedure as for the anisotropic (Wang and Achenbach, 1994) and the pie-
zoelectric (Wang and Zhang, 2005) solids an explicit solution can be obtained for magnetoelectroelastic static
Green’s functions (see Pan, 2002 for details).
The Eq. (21), disregarding inertial terms, admits an integral solution in the formUSKMðxÞ ¼
1
8p2
Z
X
C1KMðnÞdðn  xÞdXðnÞ ðB:1Þwhere X represents any closed surface around the origin n = 0 and CKM is the generalized Christoﬀel tensor
deﬁned in (23). Note here that Eq. (B.1) is identical to the integral expression (62).
Taking a suitable orthonormal base, say (e = x/jxj,p,q), and using the residue theorem, an explicit expres-
sion can be reached for this integral asUSKMðxÞ ¼ 
1
2pr
I
XJ¼5
J¼1
Adj½CKMðpþ lJqÞ
a10ðlJ  lJÞ
Q5
I¼1;I6¼J
ðlJ  lIÞðlJ  lIÞ
0BBB@
1CCCA ðB:2Þwhere r = jxj, IðÞ stands for the imaginary part, overline indicates complex conjugate, lJ are the roots of the
characteristic equation of the material with positive imaginary part, i.e.,
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and a10 is the coeﬃcient of the 10th term of the 10th order polynomial det[CKM(p + lJq)].
Appendix C. 2-D static magnetoelectroelastic Green’s functions
Similarly, the static displacement Green’s functions for 2-D problems can be written asUSKMðxÞ ¼ 
1
4p2
Z
X
C1KMðnÞ log jn  xjxðnÞ ðC:1Þwhere X is any closed 2-D curve around the origin n = 0 andxðnÞ ¼ n1 dn2  n2 dn1 ðC:2Þ
It can be shown that Eq. (C.1) is identical to the integral expression (65).
Following the procedure for piezoelectric solids (Denda et al., 2004; Wang and Zhang, 2005), an explicit
expression for the displacement Green’s functions can be obtained as (see Jiang and Pan, 2004 for details)USKMðxÞ ¼
1
p
I
XJ¼5
J¼1
Adj½CKMð1; lJÞ
ol det½CKMð1; lJ Þ
log
zJ
lJ þ i
 !
ðC:3ÞwherezJ ¼ x1 þ lJ x2; IðlJÞ > 0 ðC:4Þ
and lJ are the roots of the material characteristic equation det[CKM(1,l)] = 0.
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